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We develop and illustrate a general and innovative method for describing in detail the joint distribution of
race and income among neighborhoods when only coarse income data are available. The approach provides
estimates of the average income distribution and racial composition of the neighborhoods of households of
a given racial category and specific income level. We illustrate the method using 2007-2011 tract-level data
from the American Community Survey. We show, for example, that blacks and Hispanics of any given income
typically live in neighborhoods substantially poorer than those of whites and Asians of the same income. Our
approach provides a general method for fully characterizing the joint patterns of racial and socioeconomic
segregation, and so may prove useful in understanding the spatial foundations and correlates of racial and
socioeconomic inequality.
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Although racial and socioeconomic segrega-
tion are persistent features of the residential
landscape, both have changed over the last
four decades in the United States. Racial seg-
regation has declined moderately, particularly
segregation between white and black house-
holds, but remains high in many places (Logan
and Stults 2011; Logan, Stults, and Farley 2004).
Segregation by income has risen sharply since
1970, mostly in the 1980s and the 2000s (Rear-
don and Bischoff 2011; Bischoff and Reardon
2014; Jargowsky 1996, 2003; Watson 2009). Less
clear, however, are the trends and patterns of
the joint distribution of neighborhoods’ racial

and socioeconomic characteristics. That is, we
do not have a clear description of how much
neighborhoods differ, in terms of racial and
economic composition, among households
with the same income but differing race, or
same race but differing income. Without such
a description, it is unclear whether and how
changes in racial and economic segregation
have altered disparities in neighborhood con-
ditions.

In U.S. census and American Community
Survey (ACS) data, income is tabulated—by
race and census tract—by a set of ordered in-
come categories. Exact information on the

Sean F. Reardon is professor of poverty and inequality in education at Stanford University. Joseph Townsend
is a PhD candidate and Institute of Education Sciences predoctoral fellow at Stanford University. Lindsay Fox
is a researcher at Mathematica Policy Research.

© 2017 Russell Sage Foundation. Reardon, Sean F., Joseph Townsend, and Lindsay Fox. 2017. “A Continuous
Measure of the Joint Distribution of Race and Income Among Neighborhoods.” RSF: The Russell Sage Foundation
Journal of the Social Sciences 3(3): 34-62. DOI: 10.7758/RSF.2017.3.2.02. An earlier version of this paper was
presented at the Russell Sage Foundation conference “The Spatial Foundations of Inequality” on February
11-12, 2015. We thank George Galster, Patrick Sharkey, two anonymous reviewers, and the conference partici-
pants for helpful feedback. Direct correspondence to: Sean F. Reardon at sean.reardon@stanford.edu, Gradu-
ate School of Education, Stanford University, 520 Galvez Mall, #526, Stanford, CA 94305, 650-736-8517; Jo-
seph Townsend at jtownsen@stanford.edu, Graduate School of Education, Stanford University, 520 Galvez
Mall, #407, Stanford, CA 94305; and Lindsay Fox at [fox@mathematica-mpr.com, Mathematica Policy Research,
505 14th Street, Suite 800, Oakland, CA 94612.


mailto:reardon%40stanford.edu?subject=
mailto:jtownsen%40stanford.edu?subject=
mailto:lfox%40mathematica-mpr.com?subject=

DISTRIBUTION OF RACE AND INCOME 35

means, medians, and variances of these in-
come distributions is generally not available.
As a result, the spatial patterns of the full joint
distribution of race and income are also not
readily available, making a complete descrip-
tion of racial and economic segregation diffi-
cult to obtain.

In this paper, we demonstrate an innovative
approach to describing the joint distribution
of race and income among neighborhoods
when only coarse income data are available.
We are not the first to suggest methods of de-
scribing features of this joint distribution (see,
for example, Logan 2002), but the innovation
of our approach is that it is much more general
and versatile than existing techniques. It yields
an estimate of the complete cumulative in-
come distribution function, averaged among
neighborhoods, by race and income. This
makes it possible to make meaningful com-
parisons of the joint distribution across time
and place despite differences in income distri-
butions or differences in how income is coars-
ened. We show that estimating a set of multi-
dimensional exposure functions is sufficient
to generate a wide range of useful statistics re-
garding the joint distribution of racial and eco-
nomic composition of neighborhoods, includ-
ing many of the measures proposed and used
in a more ad hoc fashion in much of the lit-
erature. We also explain how these measures
can be used by other researchers and why it is
beneficial to have a fully continuous measure
of inequality.

Our interest in developing these methods
derives from the theoretical and empirical lit-
erature describing the ways in which neighbor-
hoods affect their residents’ educational, so-
cioeconomic, and health outcomes. In much
of the neighborhood effects research, neigh-
borhood poverty (or socioeconomic conditions
more generally) is hypothesized to be a key dis-
tal driver of neighborhood effects, operating
by directly or indirectly affecting housing con-
ditions, school and childcare quality, access to
healthy food, green spaces, safe playgrounds,
social networks, the prevalence of adult role
models, and a range of other institutional and
collective resources that are beneficial for child
development (Acevedo-Garcia and Lochner
2003; Brooks-Gunn, Duncan, and Aber 1997;

Leventhal and Brooks-Gunn 2000; Sampson
2008; Sampson, Raudenbush, and Earls 1997;
Wodtke, Harding, and Elwert 2011).

Although some research has suggested that
neighborhoods have no significant effect on
many aspects of children’s development, edu-
cational success, and social, behavioral, or eco-
nomic outcomes (Ludwig et al. 2013; Kling, Li-
ebman, and Katz 2007; Sanbonmatsu et al.
2006), recent experimental and quasi-experi-
mental research suggests that neighborhood
socioeconomic conditions can have substan-
tial effects on such outcomes, particularly as a
result of sustained exposure during childhood
(Chetty, Hendren, and Katz 2015; Burdick-Will
etal. 2011; Harding 2003; Wodtke, Harding, and
Elwert 2011; Santiago et al. 2014). Indeed, Raj
Chetty and his colleagues’ (2015) analysis of
the Moving to Opportunity experiment shows
that children in families who used a (randomly
assigned) housing voucher to move to a low-
poverty neighborhood have substantially
higher college attendance rates and 31 percent
higher earnings by their mid-twenties than
those in a control group not assigned a voucher,
a finding that suggests that neighborhood pov-
erty (or its correlates and sequelae) is harmful
to young children’s development.

These findings highlight the importance of
precisely measuring average neighborhood so-
cioeconomic conditions, and differences in
these conditions across time, racial or ethnic
group, and households of varying incomes. Yet
many of the measures currently used in the
literature lack features that would allow for
meaningful comparisons across these dimen-
sions. For example, many measures lack detail
on how conditions differ across the income
distribution, instead relying on broad, arbi-
trarily defined categories such as low-, middle-,
or high-income. These same measures tend to
be limited to the income categories available
in the source data. Finally, these measures can
be difficult to compare across place, due to dif-
ferences in the income distributions; and
across time, due to changes in the categories
available in the data. By describing the joint
distribution of race and income among neigh-
borhoods using percentile terms, our new
measures avoid these issues. Our approach de-
scribes the average neighborhood racial and
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income composition for households of a given
race and income level. Measuring neighbor-
hood conditions with such sensitivity not only
permits more detailed analyses of neighbor-
hood effects, but also offers an opportunity to
understand the spatial foundations of racial
and socioeconomic inequality.

We develop and demonstrate in this paper
a highly general approach to measuring the
joint patterns of racial and economic neigh-
borhood composition. In effect, this approach
relies on estimating the average race-specific
income distribution in the neighborhoods of
individuals of any specific income and race.
The functions describing these distributions
can be used for a wide range of types of de-
scriptive analyses, and provide a detailed ac-
count of the joint distribution of race and in-
come across neighborhoods. Although we
provide some example findings that result
from our estimated functions, a full descrip-
tion and explanation of the joint distribution
is beyond the scope of this paper. Our goal is
to elucidate and illustrate this new approach
so that others may use it or the data we pro-
duce in settings where a richer description of
the interaction between race and income
across neighborhoods is fruitful (see, for ex-
ample, Reardon, Fox, and Townsend 2015).

Using the methods we develop here, we can
construct a dataset containing detailed esti-
mates of the joint distribution of race and in-
come in each county, commuting zone, metro-
politan area, and state in the United States and
for each year for which census or ACS data are
available. These provide both a detailed de-
scription of spatial inequality and a resource
for studying spatial inequality. Our measures
can be merged to other data to analyze the
trends, causes, and consequences of segrega-
tion. For example, Chetty provides estimates
of average adult earnings and other outcomes,
conditional on childhood family income, for
every county and commuting zone in the
United States (www.equality-of-opportunity.
org). Merging these data with our estimates of
average neighborhood income distributions,
conditional on family income, for each com-
muting zone, one might investigate the links
among childhood family income, childhood
neighborhood income distribution, and adult

earnings, educational attainment, and child-
bearing. Because both our measures and Chet-
ty’s mobility measures are available for fami-
lies of any specific income percentile, they
allow a detailed investigation of the extent to
which neighborhood segregation mediates
patterns of social immobility. This is but one
example of the ways that detailed estimates of
the joint spatial distribution of race and in-
come might help research develop a more nu-
anced understanding of the spatial founda-
tions of inequality.

MEASURING SEGREGATION

Hundreds of articles have been devoted to de-
veloping and describing ways of measuring ra-
cial and economic segregation; hundreds more
are devoted to describing their trends (for ex-
ample, James and Taeuber 1985; Massey and
Denton 1988, 1993; Reardon and Firebaugh
2002; Reardon and Bischoff 2011; Reardon and
Owens 2014). The welter of methodological ap-
proaches to measuring segregation is partly
due to academics’ penchant for methodologi-
cal hair-splitting. Nonetheless, important the-
oretical and conceptual distinctions among
dimensions of segregation do lead to different
measurement approaches.

Despite the abundance of ways of measur-
ing segregation, most approaches are limited
to measuring segregation along a single popu-
lation dimension at a time. We know, for ex-
ample, how to measure segregation among
two or more racial groups (James and Taeuber
1985; Massey and Denton 1988; Reardon and
Firebaugh 2002), among ordered occupational
or educational groups (Reardon 2009), and by
income or any other single continuous dimen-
sion (Reardon 2011; Reardon and Bischoff 2011;
Jargowsky 1996). Methods of measuring multi-
dimensional patterns of segregation, such as
the joint distribution of race and income
among neighborhoods, however, are less well
developed.

Three approaches have been used to de-
scribe features of the joint distribution of ra-
cial and economic segregation patterns. One
measures racial segregation among house-
holds of similar income (Adelman 2004; Den-
ton and Massey 1988; Darden and Kamel 2000;
Farley 1995; Iceland, Sharpe, and Steinmetz
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2005; Iceland and Wilkes 2006; Massey and
Fischer 1999), or income segregation among
households of the same race (Farley 1991; Jar-
gowsky 1996; Bischoff and Reardon 2014; Rear-
don and Bischoff 2011; Massey and Fischer
2003). Typically, this approach relies on even-
ness measures of segregation, such as the dis-
similarity index or similar measures (James
and Taeuber 1985). Some of these studies allow
the comparison of overall racial segregation
levels with within-income category segregation
levels as a way of testing hypotheses about the
role of income in shaping racial segregation
levels; they do not provide a clear description
of the joint distribution of race and income
across neighborhoods, however.

A second approach looks at the distribution
of neighborhoods along a variety of typologies
and the interaction of those typologies. For ex-
ample, Margery Turner and Julie Fenderson
(2006) categorize neighborhoods according to
how mixed they are on measures of race, eth-
nicity, nativity, and income. Cross-tabulating
these categorizations shows the patterns of in-
teraction between neighborhood racial and in-
come composition. This approach shows the
extent to which tracts with very low propor-
tions of low-income residents are predomi-
nantly white or predominantly minority. Ed-
ward Goetz, Tony Damiano, and Jason Hicks
(2015) take a similar approach, using it to iden-
tify what they call racially concentrated areas
of wealth (RCAWSs). They define RCAWs as
tracts in which at least 90 percent of residents
are white and more than half exceed an income
threshold of four times the cost of living ad-
justed poverty threshold. Such approaches are
useful for their specificity, but provide only
partial descriptions of the joint distribution of
race and income and depend on how racial and
income distributions are dichotomized.

A third approach relies on so-called expo-
sure measures of segregation to describe the
average exposure of households of a given race-
by-income category to those of another such
category. Most commonly, these studies com-
pute racial groups’ exposure to poverty: the av-
erage proportion of poor residents in the
neighborhoods of members of different racial
groups (Timberlake 2002, 2007; Timberlake
and Iceland 2007; Logan 2002, 2011; Massey

and Fischer 2003). These measures provide a
much more interpretable description of differ-
ences in average neighborhood socioeconomic
conditions than the evenness measures. John
Logan (2011), for example, categorizes house-
holds by race and three income categories
(poor, middle, and affluent) and measures the
exposure of various race-by-income groups to
other groups. This approach results in descrip-
tive statements such as “Affluent blacks are
currently less [exposed to black neighbors]
than poor blacks (36.3 versus 42.9), and also
somewhat more exposed to whites (42.9 versus
39.8)” (Logan 2011, 3). A related approach com-
pares groups’ exposure with some measure of
neighborhood quality. Samantha Friedman,
Joseph Gibbons, and Chris Galvan (2014) use
data from the American Housing Survey to
compare neighborhood conditions among
middle- and upper-class households of differ-
ent races or ethnicities; they find that affluent
blacks and Hispanics experience inferior
neighborhood circumstances relative to afflu-
ent whites. Like the neighborhood typology
measures, such approaches depend on the def-
inition of income categorizations used.

The more general drawback of all these ap-
proaches is that, unless fine-grained income
information is available, they are limited to
comparisons based on the income categories
reported in the data, which may be relatively
crude. Moreover, these categories may change
over time (for example, the Census Bureau has
often changed the number and definition of
the income categories reported in published
tables). Even if they do not change, their loca-
tion in the income distribution will vary across
time and place because of differences in in-
come distributions. Finally, even within a given
place and time, the categories are not neces-
sarily exactly comparable across groups. Sup-
pose we define poor as having an income below
$20,000. By this definition, the average poor
black household will generally have a lower in-
come than the average poor white household,
simply because the black income distribution
is lower than the white distribution. So a com-
parison of the neighborhoods of poor whites
and blacks may be misleading when we base
the comparison on broad income categories
rather than exact income.
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We adopt an approach similar to the third
one here, but our innovation is to develop
methods of estimating the joint distribution
of racial and economic neighborhood compo-
sition in ways that are not sensitive to the defi-
nitions of income categories provided in the
census or ACS. Our approach allows one to de-
scribe the average racial and income distribu-
tions in neighborhoods of households of dif-
ferent incomes, the average racial and income
distributions in the neighborhoods of house-
holds of different income levels and race, and
the average race-specific income distributions
in the neighborhoods of households of differ-
ent income levels and race. These measures
are similar to the more standard exposure
measures used by others (for example, the ex-
posure of poor blacks to middle-class neigh-
bors), but differ in that they are fully continu-
ous, rather than categorical, measures of
exposure. In effect, they describe the average
joint distribution of race and income in the
neighborhoods of individuals of any specific
income and race. As a result, they can be used
for a wide range of types of descriptive analy-
ses, and provide a detailed account of the joint
distribution of race and income across neigh-
borhoods.

ESTIMATING AVERAGE NEIGHBORHOOD
INCOME DISTRIBUTIONS, BY RACE AND
INCOME

In this paper, we use g and % to denote racial
groups (or other categorical groups); we use p
and g to denote income levels, expressed as
percentiles (scaled from 0 to 1, for conve-
nience) of the population income distribution;
and we use i to index neighborhoods. The func-
tion p (p) describes the income density func-
tion in some population x, where x may refer
to a specific group or neighborhood; corre-
spondingly, the function R (p)=/%p,(r)dr de-
notes the cumulative income distribution
function in population x. Finally, we use T, to
denote the count of households in population
x, and m,, to indicate the proportion of house-
holds in neighborhood i that are in group g.

Primary Estimand and Estimation Approach
Our goal, in general, is to estimate the function
f#(p,q) that describes the average cumulative

income distribution function of group % in the
neighborhoods of members of group g with in-
come p. That is,

“ TThi - Ry (Q) -

Note that f}(p,q), defined this way, is inter-
preted as the weighted average proportion of
the households in a neighborhood that are
members of group # and have incomes less
than or equal to g, where the weights are the
number of households of group g with income
p in each neighborhood. In the segregation lit-
erature, such measures are called exposure
measures because they describe the average
extent to which members of one group (in this
case members of group g with income p) are
exposed to members of another group (mem-
bers of group 2 with incomes less than or equal
to g) in their local context (neighborhood in
this case) (Massey and Denton 1988; Lieberson
1981). In appendix A, we describe how to esti-
mate the functions f}(p,q) by assuming they
can be approximated by a set of multidimen-
sional polynomials of p and g.

Other Quantities of Interest

If we know f7(p,q) for all groups g and h, we

can derive a number of additional useful quan-

tities:
Functions describing exposure to overall (not
race-specific) neighborhood income distribu-
tions, conditional on race and income. The av-
erage cumulative income distribution in the
neighborhoods of members of group g with
incomes p is simply the sum of the corre-
sponding group-specific functions:

fi(p.q)= ;fg" (p.q)- )

Functions describing exposure to race-specific
neighborhood income distributions, condi-
tional on income. The typical household
with income p lives in a neighborhood
where members of group % have an income
distribution given by

fpa)=Y[7 p(p) fi(pa)] @)

g
The function describing exposure to overall
neighborhood income distributions, condi-
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tional on income. Combining equations (2)
and (3), we can derive the function f! (p,q)
which describes the average cumulative in-
come distribution function in the neighbor-
hoods of households with income p:

fp.a)= ;f/’ (p.9)= . 7P (p) i (P-9)
- %ﬁgpg (p);fgf’ (p.q). )

Average neighborhood racial composition, con-
ditional on race and household income. The
average racial composition of the neighbor-
hoods of members of group g with income
p (the exposure of members of group g and
income p to members of group %) is simply
f#(p,1). The average racial composition in
the neighborhoods of households with in-
come p is likewise given by the functions
fi(p1). Note that f;(p,1) = f{(p,1) = 1 by defi-
nition (because all households in a neigh-
borhood have incomes less than or equal to
1 by definition).

Average neighborhood race-specific income
density functions, conditional on race and in-
come. Because f}(p,q) is a cumulative distri-
bution function, we can obtain the corre-
sponding density function, denoted p}(p,q),
by taking the derivative of f with respect
to q:

pi(p.q)= diqu” (.9)- ()

The formula holds when g or % or both g
and £ is replaced by ¢ as well.

Percentiles of average neighborhood race-spe-
cific income distributions, conditional on race
and income. First define
YR X))

fe"(p-q) fH(pa) (6)
Now f,"(p,q) describes, for members of
group g with incomes p, the weighted aver-
age proportion of the households in a
neighborhood that are members of group %
with incomes less than or equal to g relative
to the weighted average proportion of the
households in a neighborhood that are
members of group %, where the weights are
defined as above. If we wanted to know the
median income among the group A neigh-

bors of a member of group g with income p,
we would find g such that f,*(p,q) = 0.50.
More generally, the 100 - ¢* percentile of the
income distribution of members of group 2
in the neighborhoods of members of group
gwith income p is fg*h’l( p,c), where ]Z,*"’l[ D,C)
returns the value g such that f,"(p,q) = c.

Note that f;(p,1) =f/(p,1) =1 by defini-
tion, but f’(p,1) #1 in general, so

fi'(p.9)= f; (p.9)
i (p.9)= £/ (p.9)
£ ()= (p.9)

fH(p1) (7)

Thus, estimating f7(p,q) is sufficient to ob-
tain a number of useful functions describ-
ing the joint neighborhood distribution of
race and income. A number of other stan-
dard exposure measures, as well as mea-
sures of between-group differences in in-
come, can be readily computed from the
fi(p,q) functions, as we describe in appen-
dix C.

DATA

In this paper, we use data from the 2007-2011
ACS to illustrate the types of descriptive pat-
terns that can be obtained from our approach.
We use census tracts as our definition of neigh-
borhoods. The ACS provides partial cross-tab-
ulations of household counts by income and
racial-ethnic categories. The 2007-2011 ACS
data include sixteen categories of income,
seven race categories, and one indicator for
whether the household is of Hispanic origin.
We focus here on five mutually exclusive and
exhaustive race-ethnic groups: non-Hispanic
Asian, non-Hispanic black, Hispanic, non-His-
panic white, and non-Hispanic other. We use
an iterative proportional fitting (IPF) process
to estimate the full cross-tabulations of these
five race-ethnic categories by income within
each census tract, using Public Use Microdata
Samples (PUMS) data to seed the IPF tables
(for complete details on the construction of
the cross-tabulations and a discussion of the
accuracy of the IPF process, see Reardon, Fox,
and Townsend 2015). The result is a dataset
containing estimated counts of the number of
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households in each race-ethnic group that are
in each income category for each tract in the
United States between 2007 and 2011.

lllustrative Application of the Approach
The purpose of this paper is to illustrate a new
way of describing the joint distribution of race
and income across neighborhoods. To do so,
we use the 2007-2011 ACS data and the estima-
tion methods described in the appendix to
compute eighty observed values of p,(p) and
6,400 values of f}(p,q) for each of the values of
g h, p, and g observed in the ACS data. We fit
multidimensional polynomials to these data
to estimate the continuous functions p,(p) and
+(p,q)- Using these, we derive the other func-
tions described and construct a set of illustra-
tive figures to demonstrate a number of ways
that the estimates can be used to describe the
joint neighborhood distributions of race and
income. All of our calculations use income per-
centiles scaled from 0 to 1 (as noted), but the
illustrative figures below show income on a
percentile scale from 0 to 100 for ease of inter-
pretation.

A first step in estimating the exposure mea-
sures is calculating race-specific household in-
come densities, described by the functions
p,(p)- These density functions are presented
(stacked) in figure 1, which shows the propor-
tion of households of a given race at each per-
centile of the national household income dis-
tribution. The horizontal axis measures
household income in percentiles (with corre-
sponding dollar amounts noted) of the na-
tional household income distribution. The ver-
tical axis is population proportion. Reading
the figure vertically, then, describes the pro-
portion of households of each race among all
households at a given income percentile. The
shaded area for each group describes the
group’s income distribution.

Figure 1 illustrates the unequal income dis-
tributions among white, black, Hispanic, and
Asian households in the United States. Black

households are disproportionately concen-
trated at the lower end of the income distribu-
tion, Hispanics in the bottom half, and white
and Asian households above the national me-
dian. Nonetheless, a majority of low-income
households are white in the United States, by
virtue of their much larger population share.
Although the patterns in figure 1 have been
demonstrated in previous research, our esti-
mation approach facilitates the presentation
of these patterns in terms of percentile ranks
of the national income distribution.

Figure 2 presents the 25th, 50th, and 75th
percentiles of the average neighborhood in-
come distributions of households at each
point in the income distribution. These distri-
butions are described by the function f(p,q).
Rather than plot the full surface described by
fi(p.q), however, figure 2 plots selected percen-
tiles of neighborhood income distributions. To
compute these values, we construct the func-
tion f7(p,c) (by numerically inverting f!(p,q))
for the values c € {.25,.50,.75} and for
p €{.01,.02,..,.99}. For example, to identify
the 50th percentile income in the typical neigh-
borhood of a household with 5th percentile in-
come, we set f/(.05,q) equal to 0.50 and solve
for g via numerical interpolation. The horizon-
tal axis represents a household’s income; the
vertical axis represents neighborhood house-
hold income.!

As an example of how to read this figure,
consider households with income of $20,000,
which is approximately at the 18th percentile
of the national income distribution. Such
households, on average, live in neighborhoods
where 25 percent of households have incomes
at or below the 20th percentile of the national
household income distribution (about $22,000);
where the median of the average neighborhood
household income distribution is roughly
equal to the 42nd percentile of the national
household income distribution (about $44,000);
and where the 75th percentile of the average
neighborhood household income distribution

1. Although the exposure measures themselves are calculated in percentiles, the axes need not be presented in
percentiles. The axes can be rescaled and shown in dollars, or even log dollars. The dollar figures here, as well
as in all following figures, are 2012 dollars and correspond directly to the thresholds of the sixteen income cat-
egories in the ACS data. For convenience, here and elsewhere, the axes are labeled in terms of both income

percentiles and dollars.
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Figure 1. Race-Specific Income Distributions, All Households, 2007-2011
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Figure 2. Average Neighborhood Household Income Distributions, 2007-2011
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is at about the 68th percentile of the national
household income distribution (roughly
$77,000). Although figure 2 shows only the 25th,
50th, and 75th percentiles of the average neigh-
borhood income distributions, these lines can
be constructed for any desired percentile.

Figure 2 makes clear that households with
higher incomes live, on average, in neighbor-
hoods with higher household income distribu-
tions. The steepness of the lines in figure 2 de-
scribes the association between a household’s
income and the 25th, 50th, and 75th percentile
household income in the neighborhood. In-
deed, the steepness of these lines provides an
intuitive measure of income segregation (Rear-
don, Fox, and Townsend 2015). Consider the
50th percentile line. A flat line would indicate
no or little income segregation: households at
any income level live, on average, in neighbor-
hoods with the same median income. Steep
lines would indicate a strong association be-
tween one’s income and that of one’s neigh-
bors. Because both axes are presented in per-
centile terms, the maximum value of the slope,
averaged over the range of percentiles, is one.
The lines are steeper in the right side of figure
2, indicating that segregation among upper-
income households is moderately larger than
among lower-income households, consistent
with other research on income segregation
(Bischoff and Reardon 2014; Reardon and
Bischoff 2011; Reardon, Fox, and Townsend
2015). The lines here have average slopes of
roughly 0.25 to 0.35, suggesting that segrega-
tion is roughly one-quarter to one-third as high
as its theoretical maximum, which would only
occur if all households lived in neighborhoods
where they and their neighbors had identical
incomes.

Figure 3 presents similar information
to that in figure 2, but in a different way. Fig-
ure 3 presents f{(p,q) for values of p € {.05, .25,
.50,.75, .95} and for values of g € [0,1]. In figure
3, the estimated income exposure function (the
exposure of households with incomes of p to
those with incomes less than or equal to g) is
drawn as a function of g for various values of
p. To see the connection between the two fig-
ures, note that the 50th percentile (middle)
line in figure 2 corresponds to where each of
the lines in figure 3 crosses the value 50 on the

vertical axis. The top line in figure 3, represent-
ing households with income at the 5th percen-
tile, crosses this line around where g equals 38.
This means that, on average, half of the neigh-
bors of households with 5th percentile in-
comes have incomes below the 38th percentile.
Figure 2 shows this as well: on the middle line,
when p (scaled here from 0 to 100) equals 5,
median neighborhood income is at the 38th
percentile of the national income distribution.
Drawing the functions as in figure 3 makes
clear again that segregation between the afflu-
ent and the middle class is greater than be-
tween the middle class and the poor: the hori-
zontal spaces between the p =50, p =75, and
p =95 lines are greater than between the p = 5,
p =25, and p =50 lines, indicating larger dis-
crepancies in neighborhood income distribu-
tions as household income increases.

Figure 4 shows the average neighborhood
racial composition for households of different
incomes. These are given by the functions
f"(p,1). In contrast to figure 1, figure 4 shows
the average racial composition of households’
neighborhoods, not the population racial com-
position. On the vertical axis, the typical racial
composition of the neighborhood sums to 100
percent, and the figure shows how the racial
composition of the average neighborhood
changes as a function of own household in-
come. Higher-income households, on average,
have more white and Asian neighbors and
fewer black and Hispanic neighbors than
lower-income households.

Note that figure 4 looks relatively similar to
figure 1. If neighborhoods were sorted per-
fectly by income, then these two figures would
be identical, because every household would
have only neighbors with their same income,
who would, by definition, have on average the
same racial composition as the population at
that income level. That said, there are other
patterns that may make figure 4 similar to fig-
ure 1. For example, if neighborhoods were
sorted perfectly by race, but not at all by in-
come within racial groups, figures 1 and 4
would again be identical. Thus, the similarity
of figures 1 and 4 is not particularly informa-
tive about the relative extent of racial and in-
come segregation that underlie them.

What is not clear from figure 4 is whether
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Figure 3. Average Cumulative Neighborhood Income Distributions, 2007-2011
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Figure 4. Average Neighborhood Racial Composition, by Household Income, All Households
2007-20M
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Figure 5. Average Neighborhood Racial Composition, by Household Income, Asian Households,

2007-2011
100% [
= 80
2
Rt
Z
=]
o
5
§ 60 [
s
g
=4
o
g 40 |
<
]
£ || other
2 P Asian
Z 20
[ Hispanic
B sack
I i
0 _I - - T . I . T
0 10 20 30 40 50 60 70 80 90 100
Q QS QS QS Q QO Q L O Q Q N N N N
090 %\Qe 090 %PQ 690 %?Q QQQ %96 Q?Q QQQ %96 0?0 (/J\Q Q\Q 090
DR S S & SN GRS S

Household Income (Dollars and Percentiles)

Source: Authors’ calculations from ACS.

households of different races but the same in-
come typically live in racially similar neighbor-
hoods. Figures 5 through 8 are similar to figure
4, but present average neighborhood racial
composition as a function of both household-
ers’ race and income, as described by the func-
tions f} (p,1). For example, figure 5 shows the
average neighborhood racial composition for
Asian households, conditional on their house-
hold income percentile. Asian households at
the 50th percentile of the income distribution
live in neighborhoods where, on average,
roughly 50 percent of households are white, 10
percent are black, 20 percent are Hispanic, and
20 percent are Asian. Note that here, and
throughout the paper, income percentiles are
always measured in terms of the overall na-
tional income distribution, not group-specific
income distributions. Of course, the axes could
be scaled to reflect race group-specific house-
hold income distributions, in percentiles or
dollars, if that were the goal of the description.

One striking feature of figures 5 through 8
is the high proportion of same-race house-
holds in the neighborhoods of each race group,

regardless of income. For example, the average
neighborhood racial composition for Asian
households shows that, across the income dis-
tribution, nearly 20 percent of households in
the neighborhood are Asian households, de-
spite the fact that Asian households make up
only roughly 5 percent of the population. Like-
wise, even high-income black households typ-
ically live in neighborhoods that are more than
40 percent black and less than 50 percent
white. Similar patterns are evident for each
race group, but are most extreme for whites.
White households live in neighborhoods that
are around 80 percent white, and this racial
isolation is consistent across the income dis-
tribution. In part this pattern results from be-
tween-region racial composition patterns.
Many low-income white households are in ru-
ral areas and parts of the country with few non-
white residents; as a result, most poor whites
live in predominantly white neighborhoods.
Nonetheless, the general patterns in figures 5
through 8, particularly when compared with
figure 4, indicate high levels of racial segrega-
tion, even conditional on income.
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Figure 6. Average Neighborhood Racial Composition, by Household Income, Black Households,
2007-2011
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Figure 7. Average Neighborhood Racial Composition, by Household Income, Hispanic Households,
2007-2011
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Figure 8. Average Neighborhood Racial Composition, by Household Income, White Households,

2007-2011
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Figure 9 describes the average neighbor-
hood income distributions for households of
different races, by household income. Each
line describes the median income of the aver-
age neighborhood income distribution for
households of a given race group, as a function
of their income. The lines come from the
f ;,’1( ,0.50) functions. The figure is similar to
figure 2 (which shows the f!%(p,0.50) func-
tion), but shows only the median of the average
neighborhood income distribution (not the
25th and 75th percentiles), and presents a sep-
arate line for each race group.

The most striking feature of figure 9 is that
Asian and white households live in neighbor-
hoods where the median income of their
neighbors is much higher than that of the
neighbors of similar income Hispanic and
black households. The vertical distance be-
tween the lines yields a comparison of neigh-
borhood conditions between households of dif-
ferent races. For example, poor black and
Hispanic households live in neighborhoods

where the median income is roughly two-
thirds that of equally poor white and Asian
households.

Another way to compare neighborhood con-
ditions of the different groups is to look at the
horizontal differences between the lines. From
this perspective, the figure shows that black
and Hispanic households typically live in sim-
ilar neighborhoods (in terms of median in-
come) as white households with much lower
incomes. Black households with incomes of
roughly $60,000, for example, live in neighbor-
hoods with median incomes similar to those
of white households earning roughly $12,000.
This means that black households, on average,
need to earn about five times that of poor white
households to live in a similar neighborhood.
Hispanic households must earn 3.7 times that
of whites (see Reardon, Fox, and Townsend
2015).

Figure 9 illustrates the income distribution
in the typical neighborhood of households of
different races. Figure 10, in contrast, illus-
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Figure 9. Neighborhood Median Income, by Househol
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trates the opposite: the income distributions
of each race in the average neighborhood of
households of a given income. Specifically, fig-
ure 10 plots the functions f;*(p,0.50). Each
line represents the median of the neighbor-
hood income distribution of a specific group
for typical households of specific incomes. For
example, a typical household at the 25th per-
centile of the income distribution lives in a
neighborhood where the median black in-
come is at roughly the 30th percentile of the
national income distribution and the median
white income is at roughly the 47th percentile.
The figure shows that, on average, Asian and
white income distributions are higher than
those of blacks and Hispanics for all values of
household income, indicating that, for most
households in the United States, black and
Hispanic neighbors are poorer than Asian and
white neighbors. Indeed, across the income
distribution, the typical household’s black
neighbors have median incomes roughly
$20,000 less than those of white neighbors—a
substantial difference. These patterns have

RSF: THE RUSSELL SAGE FOUNDATION

important implications for perceptions of ra-
cial differences. If households were sorted
only by income, the average household would
experience no racial differences in income
among their neighbors. The patterns here (as
well as in figures 5 through 9) indicate that
households are sorted not only on income, but
on race as well. The average person looking at
his or her neighbors experiences blacks and
Hispanics as poorer than whites and Asians.
Figures 11 through 14 are similar to figure
10, but show race-specific median incomes in
the neighborhoods of Asian, black, Hispanic,
and white households, respectively. Specifi-
cally, each line in figures 11 through 14 is one
of the fg"h"l(p, .50) functions. For example, the
third (Hispanic) line in figure 11 indicates that
the typical Asian household at the median of
the national income distribution lives in a
neighborhood where the median income
among Hispanic households is around the
46th percentile of the national income distri-
bution. As in the other figures showing the f*
functions, one could choose other percentiles
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Figure 10. Race-Specific Neighborhood Median Income, All Households, 2007-2011
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Figure 11. Race-Specific Neighborhood Median Income, Asian Households, 2007-2011
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Figure 12. Race-Specific Neighborhood Median Income, Black Households, 2007-2011
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Figure 13. Race-Specific Neighborhood Median Income, Hispanic Households, 2007-2011
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Figure 14. Race-Specific Neighborhood Median Income, White Households, 2007-2011
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of these race-specific distributions to display
as well.

In figures 11 through 14, the steepness of the
same-race lines indicates the degree of within-
race segregation. Figure 11 suggests, for exam-
ple, that Asian households are highly segre-
gated by income—low-income Asians live in
neighborhoods where their Asian neighbors
are poor, on average, and high-income Asians
have much higher-income Asian neighbors.
Within-group income segregation is also high
for black households, but is somewhat lower
among white and Hispanic households. These
findings also suggest that perceptions of racial
differences in income may differ across races
and by income level. For example, very poor
Asians typically have white and Hispanic
neighbors who earn substantially more than
themselves, while affluent Asians generally live
in neighborhoods where they are the highest-
income group. The average Hispanic, black, or
white resident of any income typically experi-

ences Asians as wealthier than all other race
groups.

Each of the previous figures describes
patterns for the United States as a whole.
The methods we describe here can be ap-
plied to smaller geographic regions as well.
Figure 15 provides an example. It shows me-
dian neighborhood income, as a function of
household income, for each of the ten larg-
est metropolitan areas in the United States.?
The lines come from metropolitan area-
specific functions f: '(R,(p),.50), where
R,(p) is a function that converts national in-
come percentiles to local income percentiles
of metropolitan area m (that is, it is the cu-
mulative income percentile distribution
function for metropolitan area m). The fig-
ure indicates, for example, that households
at the 50th percentile of the national income
percentile distribution in the Washington,
D.C., metropolitan area live in neighbor-
hoods where the median income is above

2. We define metropolitan areas using the 2003 Office of Management and Budget metropolitan division codes
and rank these areas based on their total population in 2010.
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Figure 15. Neighborhood Median Income, Ten Largest Metropolitan Areas, 2007-2011
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the 65th percentile of the national income
distribution.

A notable feature of this figure is that both
axes are shown in the national income distri-
bution to allow for comparisons across metro-
politan areas. Although the graph could be
constructed using local income distributions,
that would obscure comparisons among
households of the same income in different
metropolitan areas, because the 50th percen-
tile of Chicago’s income distribution is not the
same as the 50th percentile of New York’s in-
come distribution. Using a common scale for
income (percentiles of the national income
distribution) makes evident that households
in some metropolitan areas live, on average, in
very different neighborhoods than similar in-
come households in other areas. For example,
Washington, D.C., households earning $60,000
live in much higher-income neighborhoods
than similar income households in Los Ange-
les do; in fact, Washington, D.C., households
earning $60,000 typically live in neighbor-

hoods similar to those of Los Angeles house-
holds earning $150,000. For reference, the
markers on the lines indicate the 25th, 50th,
and 75th percentiles of each metropolitan ar-
ea’s own household income distribution.

Also evident in figure 15 is that income seg-
regation varies across metropolitan areas.
Again, the steepness of the lines in figure 15
provides an intuitive measure of income segre-
gation. In the Minneapolis metropolitan area,
for example, segregation is lower than in the
Dallas or Houston areas. In Dallas and Hous-
ton, for example, high- and low-income house-
holds live, on average, in neighborhoods very
different in median income levels; the differ-
ence in neighborhood conditions in Minneap-
olis, particularly between high- and middle-
income households, is much less pronounced.

DISCUSSION

The approach we outline here provides a vari-
ety of ways of characterizing the joint patterns
of racial and socioeconomic segregation. A full
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characterization of these patterns is provided
by the group-specific income distributions (the
p, functions, in our notation) and the set of ex-
posure functions that describe the average
neighborhood income distributions condi-
tional on race and income (the f} functions),
but simply reporting the parameters of these
functions is neither feasible nor particularly
informative (in our illustration here, these
functions are together characterized by a total
of 480 parameters). Instead, we have chosen to
illustrate key features of these functions in a
series of figures, each of which highlights a dif-
ferent aspect of the joint distribution.

One could, of course, derive additional sta-
tistics from these functions. The slopes of the
lines in figure 2, for example, may be useful as
measures of segregation. In other words, the
steepness of the lines indicates the strength of
the association between one’s own income and
that of one’s neighbors. The vertical or hori-
zontal distances between the lines in figure 9,
likewise, might be thought of as measures of
racial inequality in neighborhood conditions
net of differences due to between-race differ-
ences in household income. Measures of be-
tween-group differences in racial composition
of neighborhoods (evident in figures 5 through
8) may be useful for measuring and under-
standing racial segregation. Statistics of these
types can be derived from the estimated p, and
f4 functions and then may be usefully com-
pared across time or metropolitan areas to as-
sess changes or variation in patterns of racial/
economic segregation.

Our goal here is to describe a general ap-
proach to measuring joint patterns of racial
and socioeconomic segregation. Given that, a
discussion of the substantive implications of
the patterns illustrated in our figures here is
beyond the scope of this paper, but a few fea-
tures of the figures are particularly striking.
First, the figures clearly show large racial dif-
ferences in neighborhood racial and economic
composition, even conditional on income.
That is, equally poor white, black, Hispanic,
and Asian households are located in very dif-
ferent neighborhoods from one another; for
example, black households typically live in
neighborhoods similar to those of white house-
holds making $40,000 to 50,000 less. This is

consistent with research showing that eco-
nomic disparities are insufficient to explain ra-
cial segregation and that middle-class blacks
live in poorer neighborhoods than most whites
(Logan 2002, 2011; Reardon, Fox, and Townsend
2015; Timberlake 2002, 2007; Timberlake and
Iceland 2007; Adelman 2004; Friedman, Gib-
bons, and Galvan 2014; Pattillo 1999; see also
Pattillo 2005; for a useful review of this litera-
ture, see Lareau and Goyette 2014). If racial seg-
regation were simply the result of racial differ-
ences in income, we would expect racial
differences in neighborhood composition to
disappear once we condition on household in-
come. The figures here clearly show that they
do not.

Second, the figures reveal something about
the income levels of households that different
racial and income groups might encounter in
their neighborhood. Figures 10 through 14
show that the typical household, regardless of
income level or race, lives in a neighborhood
where black and Hispanic neighbors have
lower incomes than white and Asian neigh-
bors. Indeed, the black and Hispanic neigh-
bors of high-income households have lower
median incomes, on average, than the white
and Asian neighbors of low-income house-
holds. This pattern may play a role in shaping
racial stereotypes.

Third, figure 15 shows substantial variation
among metropolitan areas in the patterns of
exposure to high- and low-income neighbors,
conditional on income. Not shown here, but
straightforward to compute from the methods
described, are metropolitan patterns of racial
differences in neighborhood economic condi-
tions. A full description of variation across
metropolitan areas in the joint neighborhood
distribution of race and income would likely
reveal considerable variability.

Recent scholarship demonstrates that
neighborhood economic conditions affect
child development and opportunities for edu-
cational and economic success. For example,
Chetty, Hendren, and Katz (2015) demonstrate
that moving to a lower-poverty area has a sub-
stantial positive effect on the life-course trajec-
tory of young children. Given this evidence, it
is likely that variation in economic neighbor-
hood conditions across racial groups, house-
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holds of different incomes, and metropolitan
areas may lead to disparities in developmental,
educational, and economic outcomes. In other
words, segregation matters for children’s out-
comes.

In general, children growing up in poor
families face a double disadvantage. Their
families have fewer private resources than
richer families, and they tend to live in poorer
neighborhoods, meaning they have access to
fewer contextual resources as well. Even more
troubling, figure 9 illustrates that low-income
black and Hispanic children face a triple dis-
advantage relative to middle-class white chil-
dren: not only do their families have fewer pri-
vateresourcesandlivein poorerneighborhoods,
but they also live in much poorer neighbor-
hoods than equally poor white children. Given
that neighborhood conditions matter for chil-
dren’s development, the joint patterns of racial
and economic segregation described here sug-
gest that children of different races and
incomes face dramatically different life oppor-
tunities. The stark racial disparities in neigh-
borhood conditions may be one source of per-
sistent racial inequality.

The methods described here provide a con-
sistent way of quantifying disparities in neigh-
borhood conditions that is largely indepen-
dent of the specific income thresholds used in
tabulating income in the ACS data. This inno-
vation makes possible much more detailed
comparisons of racial and economic neighbor-
hood conditions across place, time, and popu-
lation groups than has been used in prior
work. We expect that these methods and the
resultant datasets will enable researchers to
more carefully investigate the patterns, causes,
and consequences of racial and economic seg-
regation.

APPENDIX A: ESTIMATING INCOME
DENSITY AND EXPOSURE FUNCTIONS
Estimating the income density and exposure
functions proceeds in three steps. First, we

estimate the group-specific income density
functions p,(p) and, from them, the group-
specific cumulative income distribution
functions R,(p). Second, we estimate the
functions f(p,q) and, from them, the func-
tion f{(p,q). Third, we estimate the functions
f#(p,q) and, from them, the functions f/(p,q).*
We do this because the parameter estimates
from each step of the model are used to in-
form the estimation of each subsequent step.
Once we have estimated each of these func-
tions, we use them to compute the various
exposure functions of interest, as described
in the text.

Notation

We use g and £ to denote G racial groups; we
use p and g to denote income levels, expressed
as percentiles (scaled from 0 to 1, for conve-
nience) of the population income distribution;
and we use i to index neighborhoods. We use
Jyk=1...., Ktoindex the ordered income cat-
egories in which income is reported in the ACS.
The ACS data we use in this paper includes five
mutually exclusive racial-ethnic groups and
sixteen income categories, so G =5 and
K =16 here. Finally, we use T, to denote the
count of households in population x, and m,,
to indicate the proportion of households in
neighborhood i that are in group g.

Data
The data consist of tract-level counts of house-
holds of race g with income in category k in
census tract i. These counts are denoted 7.
Let T, = ¥X,T,; denote the total number of
households of group g in tract i, let T,. = 3, T,
denote the total number of households in tract
i;and let T, = ¥, T, denote the total number of
households of group g in the population. The
proportion of households of group g in tract i
with incomes in income category k is
Egk

Tigk .
g
T;'g.

(A1)

3. One approach to estimating f%(p,q) is to estimate p,,(p) in each neighborhood i and to estimate p,(p). Then
R,(p) can be estimated as ﬁgi(p) = fgpgi(r)dr. We then estimate f}(p,q) by substituting 4,(p), I-%h,.(p), and the ob-
served group counts and proportions into Equation (1). The potential drawback of this approach is that it requires
us to estimate p,; from small samples in each neighborhood i and group g. Instead, we adopt an alternative

approach, which we describe in detail in this appendix.
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The proportion of households of group g in
the population with incomes in income cate-

gory k is
z]—;‘gk
Fg=-t .

T,

(A2)

We denote the corresponding proportion of
households with incomes in category k or be-
low as r,, =X, r, and r, = ¥%, r , respec-
tively. Finally, the proportion of the total popu-
lation of households that have income in

income category k is denoted p, or g,:

ZgiTgk
Ziiﬂg.

i g=1j=1

Pe=qr= (A3)

COMPUTING EXPOSURE MEASURES
From the ACS data, we compute G*K* = 6,400
values of f1(for each combination of g, A, j, k,
where gand /4 index five racial groups and j and
k index sixteen income categories). Each f}fis
an exposure index of members of group g with
income in category j to members of group % in
income category k or below. These are com-
puted from the tract-by-group-by-income cat-
egory counts as

Ty Ty Tyr;
hk _ ig- g ih.Mih<k
g _Z[T]

i Tg.'rg]'

(A4)

We also compute GK* =1,280 values of f}f
(for each combination of 4, j, k). Each f}}is an
exposure index of members of the population
with income in categoryj to members of group
h in income category k or below. These are
computed from the tract-by-group-by-income
category counts as

Z(Tngig;) T r

k _ g Lindinsk | A5
v 2 ST, ry) T (45)

g
Estimating R,(p) and p(p)
We assume the group-specific income density
functions (the p,(p)'s) can be well approxi-
mated as polynomials of order C:

(46)

4.In practice, when we fit (A9), we replace the midpoint m¢with m&* = me+ z

This might be unrealistic if income were
measured in dollars (because the long right tail
of the cumulative income distribution func-
tion cannot be modeled well as a polynomial),
but it is much less problematic when p mea-
sures income in percentiles of the population
income distribution. In this case, the p,(p)
functions must satisfy a few conditions. Spe-
cifically,

Zﬂg,og(p)zp(p)zl.

g=1

(A7)

The first condition in (A7) is simply the
property that the density functions have inte-
gral 1. The second follows from the fact that
the population income percentile distribution
is, by definition, uniform. These two condi-
tions imply, respectively, that

C

>

purdol o |

of =1V g,
and

g 1ifc=0
Z/fﬂf:{ f .
st 0ifc#0

Therefore, we can estimate the p,(p) func-
tions by fitting the following regression model
to the GK = 80 points (p.,, m;):

G C
pgk = Zzaf(Dg'mli)+egky

g=1c=1

(A8)

(49)

where D, is an indicator variable taking the
value 1 if an observation pertains to group g
and 0 otherwise. Let m, ='2(p,, + p;) be the
percentile that falls in the middle of category
k.* For the analyses reported in this paper, we
set C = 3. Inspection of the fitted income den-
sity functions indicates very good fit with C = 3.

In fitting the model, we enforce the follow-
ing G + C +1 linear constraints:

C
1
;c+1

of=1Vg,
and

1ifc=0

;”gwf :{o ifeeft,...c}l (A10)

where z is defined as in appendix

o'

B. In addition, we fit (A9) using weighted least squares regression, with weights as detailed in appendix B.
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This set of constraints is sufficient to satisfy
the conditions in (A7). One of the constraints
is redundant, so a total of G + C constraints are
used to estimate the density functions.

For each group g, the estimated income
density function is then a C”-order polyno-
mial:

po(p)= (a11)

=0
From f,(p), it is straightforward to estimate
the group-specific cumulative income distribu-
tion function R (p) by taking the integral of
p,(p) on the interval [0,1]:

aspt. (A12)

Estimating f%(p,q) and fi(p,q)
Before estimating the f!(p,q) and f{(p,q) func-
tions, note that it follows from the definition
of f*(p,q) (equation (3)) that

G

f(p.g)=2. f"(p.9)-

h=1

(A13)

Next, note that the f*(p,q) and f!(p,q) func-
tions must satisfy four conditions, by defini-
tion:

f(p.0)=0

Jﬁh (raQ)dr = 7Ry (‘1);

0

d t t 't d t
?qﬁ (p.9)=f"(p.9)= f' (a.p)= 5]2 (2.p)

G

fi(p1)=3 f1(p1)=1.

h=1

(A14)

The first of these states that the exposure of
any subset of households to the members of
another group A with incomes less than or
equal to 0, is by definition 0. The second says

that, on average, neighborhoods have the same
income distribution of each group # as the to-
tal population. The third is a symmetry condi-
tion that follows from the definition of f{(p,q).’
The fourth says that the exposure of any subset
of households to households with incomes less
than or equal to 1, is by definition 1.

We assume the f7(p,g) functions are well ap-
proximated as polynomial surfaces of order A
in p and B in g:

f(p.g)= ii}é’ép“q”- (A15)

a=0b=0
We estimate these functions by fitting the
following regression model to the GK? points

( 5}1‘: m, q):

A B
S =33 Dl (A16)

h a=0b=0

where D,, is an indicator that an observation
pertains to exposure to group A.°

To ensure that the estimated functions sat-
isfy the conditions in (A14), we impose a set of
constraints on the model:

h=0Vae{1.., A} he1{1,..G}

A+1=B=C+1;

A
3 gt =
Vbe {1,...,3}, he {1,...,G};

G

G
hzzl, by =2 (a+1) 751y

h=1
Vae{l,...4},be{l... .a}. (A17)
Together, these constraints ensure that the
conditions in (A14) are met. The first constraint
in (A17) implies the first condition of (A14) is
met:

B
1 (p.0)=Y. Y 7ip‘0

b=0

A
Yap" =20 p" =0.

a=0

a

0= 10~

(A18)

a

Il
o

5. To see this, note that difrf (0.q) is the exposure of individuals with income of exactly p to those with income of
q

i

exactly g: diqftr (0a)- z[T,-/z(p) A Tfp,-(q)}= Z[Tipr(q)A Tp(p)

To(p) T Top) T

d

=—f(q.p)-

dp

6. Again, in fitting this model, we replace the midpoints m¢ with m¢ + z¢and use a weighted least squares regres-

sion as detailed in appendix B.
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Note that the constraint that y = 0 for all 2
and a implies that the y terms can be omitted
from (A16) going forward.

Second, the constraints in (A17), along with
(A12) imply the second condition in (A14):

[reaar=3 5 2 | =3[t Jo

C

—U/’q‘“ = Ry (q)-

) (A19)
=0

:ﬂ'h

Third, the constraints in (A17) imply the
third condition in (A14):

d fi(p. )ZZ%M

a=0b=1

—zzb[zm}p e

a=0b=1

A B [ ¢
=YY (a+1) Z%Z_l)(aﬂ)}p”qb‘l
| h=1

= ii(“ + 1) Fiy(wl)]l’ q

a=0b=0 L h=1
A A e
=) (b+1) Zﬂ/(m)}P q°
a=0b=0 | r=1

a=0b=1

—zzb[zm]p ¢

A B
— zzb %tbqapbfl

a=0b=1

(A20)

d .
=5ft (¢.p).

Finally, the constraints in (A17), in conjunc-
tion with (A8), ensure that the fourth condition
in (A14) is met:

A A+1

OIYY AR

h=1a=0b=1

—ii[m]

a=0b=1| h=1

AAH'a+1 G .
S8 e |

LS |a+1
_ggg b+127/2a+1:|
-3 |

A G
=X [ mai ]y

a=0 h=1

A G
= 2|: ﬂ-hg;':|p“

a=0| h=1

0
= pa

a=0
=1, (A21)

Thus, the constraints in (A17) and (A10) are
sufficient to ensure the conditions in (A14) are
satisfied. We satisfy the first set of constraints
in (A17) by setting y = 0 for all @ and g. After
we set A +1=B=C+1, the last two conditions
in (A17) contain an additional GB + AB/2 con-
straints that are required to estimate f7(p,q).
Because f(p,q) has GB? total parameters, there

2G - .
are a total of AB free parameters in

the model. With G=5and A+1=B=4, f(p,q)
has 80 parameters, subject to 26 constraints,
for a total of 54 freely estimated parameters.

Once we have estimated f(p,g), it is straight-
forward to estimate

f(pg)=2 f'(p.9)-

h

(A22)

Estimating f!(p,q) and f{(p,q)

Estimating the functions f}(p,q) and fi(p,q)
follows the same logic, with some modifica-
tions.RecallthatwerequirethatA+1=B=C+1.
As before, we assume the functions f}(p,q) can
be well approximated as polynomial surfaces
oforderAinpand B=A+1ing:

A A+1

f(pa)=Y.>r5r'q".

a=0b=0

(A23)

The f}(p,q) and f;(p,q) functions must sat-
isfy several conditions:
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fi(p.0)= fi(p,0)=0;
fi(p1)=2f (p1)=

1

7 (p.0)= 37000 (p) S ()

1 1

I <r,q>dr=g@ Joulr) 2 (e

= 7Ry (q) (A24)

These are satisfied with the following con-
straints:

Vi =0Va,gh

G A+1 1 I — 0
zz&:{?“ ve:
h=1b=1 0ifa>0
and
' min(A,a) "
=z Y ayi ), Vbe {1.....B},
g c=max (0,a-A)
he{1,...G} aefo........24}, (A25)
where y% =0 for all a€{A+1,...,24}. The

second and third lines of (AZS) contain a to-
tal of G(A +1)(24 +2) = 2GB* constraints (160
constraints in our example with G=5 and
B=4).

The first condition in (A24) follows from the
constraint that y# = 0 for all q, g, and #:

A B
2 (p.0)=Y.>r%p"0"
a=0 b=0

=Y (0-p%)=0.

a=0

= Z;f%p“
(A26)

As earlier, this implies we can omit the y&
terms from the model. The second condition
follows from second constraint:

G A A+1

gﬁ@» DDV IR

h=1a=0 b=1

A G A+1
= 2[22752]11” =p'=1

a=0[ h=1h=1

(A27)

The third condition follows from the third
constraint:

G
270 (p) 17 (p.)
g=1
G A A A+1
=27 {Zaf p‘}ZZ}/ﬁ”p“q”
g=1 =0

a=0bh=1

A A+1 A G

=3¥NNralys g’

a=0b=1c¢=0g=1

24 A+1 mm(A,a)
N DY I

a=0b=1| g=1 = max(O,a A)

A A+1

=22 VP’

a=0b=1

=ft (p,q). (A28)

The fourth condition follows from (A28) and
(A19):

Zzzg_[pg fg rqdr—J.ft rq

= zz,,R,, (q) (A29)

Although the constraints in (A25) are suffi-
cient to satisfy the conditions in (A24), in prac-
tice, we use a subset of constraints implied by
those in (A25) for computational ease. Specifi-
cally, we use the first and second sets of con-
straints from (A25) and an additional set of GB
constraints implied by those in the third line
of (A25) and the third line of (A17):

—zzhaﬂ Vh,h. (A30)

Z Z@ng

va+1

Once we have constrained y¢: =0 for all a,
g, h, the second line of (A25) implies GB con-
straints. One of the GB constraints in (A30) is
redundant, so we invoke a set of 2GB -1 total
constraints in fitting the f}(p,q) functions.

We estimate the f}(p,q) functions by simul-
taneously fitting a set of G* separate polyno-
mial surfaces of order A in p and order A+ 1 in
g through the G°K* points (f}, m, q,), subject
to the constraints described:

m - q,lj] + gy (A31)

SDDIALY

g h a=0b=1
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where D, is an indicator variable taking the
value 1 if an observation pertains to the expo-
sure of group g to group A, and 0 otherwise.”
Given G=5and A + 1= B = 4, the functions have
a total of 400 parameters, which are subject to
39 linear constraints (159 if we use the full set
of constraints in (A25)).

Once we have estimated f%(p,q), it is
straightforward to estimate
(A32)

fi(p.g)= Zh)f! (p.9)s

which implies that

e =DV (A33)
h

APPENDIX B: ESTIMATING A
NONLINEAR ASSOCIATION WHEN THE
REGRESSOR IS MEASURED ORDINALLY
This appendix describes one solution to the
following general problem: we want to esti-
mate a nonlinear polynomial function describ-
ing the conditional mean (given X) of a variable
Y when X is measured in a set of ordered cat-
egories rather than continuously.

Some notation
Suppose income, a continuous variable de-
noted by X, is categorized into K categories,
defined by K -1 ordered thresholds ¢, c,, . . .,
- Instead of observing X, we instead observe
c€fl,...,K} where c =j iff ¢, , < X < ¢, where
¢, = - and ¢, = +oo. In addition, let p denote
income in percentile ranks, scaled from 0 to 1
(so that p=CDF(x) and p;=CDF(c) for
J€{0,..., K}, where CDF(x) is the cumulative
income distribution function in the popula-
tion of interest). Let m;="/2(p,, + p;) be the per-
centile that falls in the middle of category j.
Let w; ="/2(p; - p;,) be half the width of income
category J- Note that since p measures income
percentile ranks in the population of interest,
p is uniformly distributed on the interval [0,1]
and its density function is p(p) = 1, by defini-
tion.

Let Y measure some characteristic of an in-

dividual, where Y may be binary or continuous.
Our goal is to estimate the function f(p) = E[Y|p]
describing the conditional expectation of Y
given p, despite the fact that we only observe ¢
and Y. Our approach is the following: first, es-
timate the mean value of Y (and its sampling
variance) among individuals in each income
category j; denote these Y; and 1, respectively;
second, assigh income category j a value of p
equal to m,="/2(p;, + p;), the midpoint of the
interval (p;,, p); and, third, regress Y; on a poly-
nomial function of m; using weighted least
squares regression, weighting the observations
by 1/9,.

One complication that arises is that, if the
function f(p) is nonlinear, then E[Y|c=j] #
E[Y|p = m]. That is, the mean value of Y within
an income category will not necessarily equal
the mean value of Y among those with incomes
at the exact midpoint of the income category.
If the curvature of f(p) is substantial or the in-
come categories are wide, simply regressing Y
on m may lead to bias in the estimated S,’s. To
remedy this potential bias, we make an adjust-
ment to the m{’s.

Suppose that f(p) is well approximated by a
polynomial of order A:

f(p)zgﬂzp“-

We can express the average value of Yin cat-
egoryj as

(B1)

=t L (B2)

Because p(p) =1, this is
A
pl a
- J.pﬂzﬂar dr
— a=0
DP;j—Pj

Y G5
ks

(a+1)(p;~pja)

Z(a+1)2p“ "pia

a=0

7. In fitting this model, we replace the midpoints m¢with m¢ + z¢and use a weighted least squares regression as

detailed in appendix B.
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-3 (83)
where m¢" = m¢ + z, and
= Jlr 1 g[(l’f )" (b - m/]

= ﬁb;[(mj +w;) (my—w, ) - mf‘]' (B4)

Note that the z,/s in (B4) can be simplified.
For example, for a € (0,1,2,3,4), we get

Z()j:O
le=0
Z _wi
L=t
3
_ 2
Z3j = m W

Z,; =2mwi + %w}‘ (B5)

(B3) implies that Y; = E[Y|c =] is not a sim-
ple polynomial function of m,unless A =0 or
A =1 (that is, unless f(p) is a linear function).
If f(p) is nonlinear, Y; is a linear combination
of m, mj*, ... m". As aresult, we can estimate
f(p) by regressing Y; on the m}"s rather than
on the m’s:

A A
Yj =2ﬁ;m;‘+uj,u/ ~N[0,v]]

a=0

(B6)

In (A9), Y, = m,, the proportion of house-
holds in income category j who are members
of group g. In (A16) and (A33) Y; = S, the av-
erage proportion one’s neighbors who are
members of group # and who have incomes
at or below some category k. The sampling
variance of 1A7J in either case will be propor-
tional to the width of the income category
(because this is proportional to the number

of households in that category in the popula-
tion) and Y;(1-Y;)(the variance of a propor-
tion). Because the estimates of WLS are in-
variant under a linear scaling of the weights,
we set U, = w;Yy (1 —Yy ).

APPENDIX C: OTHER QUANTITIES OF
INTEREST

Given f}(p,q) for all groups g and £, we can de-
rive a number of additional useful quantities.
Several of these are described in the text. Here,
we describe two additional quantities of inter-
est.

Standard exposure measures. We can obtain
additional exposure measures, such as the ex-
posure of members of group g with incomes
between p,,;, and p,.. to members of group i
with incomes between some g¢,,,,and gq,,,., by
computing

[ o (\) 2 (7o) = £ (7o) ]l

Pmin
J.jm[.zxpg (r ) dr
min

. (c1)

A useful special case of this is the exposure
of those in group g with income less than or
equal to p to those in group & with income less
than or equal to g. Denoted F}(p,q), this is

O

7 (p.q) o)

(€2)

For example, the exposure of group g to
poor neighbors would be F;(1, q,,,.,,), where
Qpoverty 18 the income value that corresponds to
the poverty line. Thus, measures of “exposure
to poverty” used in much of the segregation
literature (Logan 2011; Timberlake 2002) are
special cases of the measurement approach we
describe here. Note that in the special case
where p = q =1, Fj(1,1) is a standard exposure
measure of racial segregation, the exposure of
group g to group £ (usually denoted ,F;). In our
notation, this standard exposure measure can
be written

1
P =F (1’1) = Iﬂg (r)fgh (r,l)dr.

0

(C3)

Standardized measures of between-group dif-
ferences in neighborhood income distributions,
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conditional on household income. We might
want to measure the difference between the
average neighborhood income density func-
tions for two groups g, and g,, conditional on
p; that is, for any given value of p, we want to
measure the difference between the distribu-
tions p; (p,q) and p; (p,q). We could do this by
measuring, for example, the difference in their
medians (that is, by comparing f;lfl(p,.so) and
£ (p,+50)), but this would not provide a sum-
mary measure of the overall difference in the
distributions. A useful summary measure of
the degree of overlap of two distributions is the
probability that a randomly chosen value from
one distribution is larger than a randomly cho-
sen value from the other. In our case here, this
is the probability that a randomly chosen
member of the neighborhood of the typical
group g, household with income p has an in-
come higher than that of a randomly chosen
member of the neighborhood of the typical
group g, household with income p. This prob-
ability is equal to

Py, (p)= [ £ (0. f5 (pc))de.  (Ca)

This probability can be converted to the V
statistic, a nonparametric measure of the dif-
ference between two distributions:

Ve, (p)= V207 (P Ter>g, (P))’ (C5)
where ®7(-) is the probit function. Here V, , (p)
is a function of p that describes the extent of
overlap between the typical neighborhood in-
come distributions. V can be interpreted as the
standardized difference between the means of
two normal distributions with the same degree
of overlap as the distributions of interest, so it
is interpretable as a “pseudo effect size” (Ho
and Haertel 2006; Ho and Reardon 2012; Hol-
land 2002).
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